Distributed Point Source Method (DPSM) is a semi-analytical technique that can be used to calculate the ultrasonic field (pressure, velocity and displacement fields in a fluid, or stress and displacement fields in a solid) generated by ultrasonic transducers. So far the technique has been used to model ultrasonic fields in homogeneous and multilayered fluid structures, and near a fluid-solid interface when a solid half-space is immersed in a fluid. In this paper, the method is extended to model the ultrasonic field generated in a homogeneous isotropic solid plate immersed in a fluid. The objective of this study is to model the generation of guided waves in a solid plate when ultrasonic beams from transducers of finite dimension strike the plate at different critical angles. DPSM results for a solid half-space problem are compared with the finite element predictions to show the superiority of the DPSM technique. The predicted results are also compared with the experimental visualization of the mode patterns of Lamb waves propagating in a glass plate obtained from stroboscopic photoelastic method. Experimental and theoretical results show good qualitative agreement. The DPSM technique is then applied to study the mode patterns in aluminum plates immersed in water.
Introduction
Modeling of ultrasonic and sonic fields generated by planar transducers of finite dimension is one of the basic problems in textbooks in this area (Rayleigh, 1965; Morse and Ingard, 1968; Schmerr, 1998; Kundu, 2003) . A good review of the earlier developments of the ultrasonic field modeling in front of a planar transducer can be found in Harris (1981) . A list of more recent developments in this field of research has been given by Sha et al. (2003) . The pressure field in front of a planar transducer in homogeneous isotropic materials has been computed both in the time domain (Stepanishen, 1971; Harris, 1981; Jensen and Svendsen, 1992) and in the frequency domain (Ingenito and Cook, 1969; Lockwood and Willette, 1973; Scarano et al., 1985; Hah and Sung, 1992; Wu et al., 1995; Lerch et al., 1998a,b) . In addition to the ultrasonic field modeling in isotropic materials progress has been made in the modeling of the ultrasonic radiation field in transversely isotropic and orthotropic media as well (Spies, 1994 (Spies, , 1995 . Most of the above-mentioned investigations are based on Huygen's principle (Wilcox et al., 1994) where the total field is obtained from the linear sum of point sources distributed over the transducer. The integral representation of this field is known as Rayleigh-Sommerfield integral. Since numerical integration is a time consuming operation, Wen and Breazeale (1988) proposed an alternative approach. They computed the total field by superimposing a number of Gaussian beam solutions. They have shown that by superimposing only 10 Gaussian solutions the field radiated by a circular piston transducer can be modeled. Schmerr (2000) followed this approach to compute the ultrasonic field near a curved fluid-solid interface. Later Spies (1999) and Schmerr et al. (2003) extended this technique to a homogeneous anisotropic solid and water immersed anisotropic solid, respectively. Another technique based on Gauss-Hermite beam model for ultrasonic field modeling in anisotropic materials was proposed by Newberry and Thompson (1989) .
Although a significant progress has been made in the ultrasonic field modeling in a homogeneous medium, the progress in studying the effect of an interface near an ultrasonic transducer of finite dimension has been relatively slow. Recently, Schmerr (2000) and Schmerr et al. (2003) studied the ultrasonic field near a fluidsolid curved interface. Spies (2004) studied the effect of the interface on the ultrasonic wave propagation in an inhomogeneous anisotropic medium with the far field approximation. These investigators followed multi-Gaussian beam modeling approach. Although this technique has some computational advantage it also has a number of limitations similar to those of other paraxial models. For example, it cannot correctly model the critical reflection phenomenon; it cannot model a transmitted beam at an interface near grazing incidence. This technique also fails if the interface has different curvatures, or when the radius of curvature of the transducer is small, as observed in acoustic microscopy experiments with its tightly focused lens. A detail description of the limitations of the multi-Gaussian paraxial models can be found in Schmerr et al. (2003) .
A newly developed technique called Distributed Point Source Method (DPSM), proposed by Kundu (2001, 2003) avoids the above-mentioned limitations and does not require any far field approximation. In this technique one layer of point sources are distributed near the transducer face and two layers are placed near the interface. The advantage of the DPSM technique is that it not only avoids the paraxial approximation it also does not require any ray tracing. All methods developed so far for ultrasonic field radiation modeling near a fluid-solid interface by point source superposition technique require computation of reflection and transmission coefficients at the interface (Lerch et al., 1998a,b; Schmerr, 2000; Schmerr et al. 2003; Spies, 2004) . Ray tracing and reflection/transmission coefficient computation become cumbersome in presence of multiple interfaces while such geometries can be relatively easily modeled by the DPSM technique (Banerjee et al., 2006) . Engineers and scientists are implementing different numerical and semi-analytical techniques such as Finite Element Method (FEM), Boundary Element Method (BEM) to solve almost all engineering and scientific problems using high speed computers to reduce computation time and cost. However, the success of the finite element method for solving high frequency wave propagation problems has been limited because of the spurious reflection of the waves at artificial boundaries and requirements of very small size elements. On the other hand in BEM, it is required to solve long boundary integral equations that inevitably encounter singularity. To avoid long integral equations and singularities encountered in BEM for complex problems a modified BEM known as the Charge Simulation Method (CSM) and a noble semi-analytical technique called Multiple Multipole Program (MMP) (Ballisti, 1983) were proposed. MMP was first proposed for electromagnetic wave problems by Hafner (1985) . Later Imhof (1996 Imhof ( , 2004 and Rokhlin (1990) extended the method to acoustics and elastic wave scattering problems in isotropic unbounded media. But with best of authors' knowledge the method has never been used for ultrasonic nondestructive problems where elastic waves are generated by finite size sources. In MMP the contribution from each pole is considered as contribution from each basis functions obtained from spherical wave function expansion of wave potentials. In MMP the error is minimized and coefficients of basis vectors are obtained by enforcing boundary and continuity conditions. Bessel functions and Hankel functions are used as basis functions in spherical wave function expansion (Imhof, 1996) . If the center of expansion is located inside the domain of interest, Bessel solutions are used corresponding to standing waves. In contrast to the propagatory Hankel solutions, the Bessel solutions do not have a singularity and they are evaluated at their origins. Singularity of Hankel functions simulates presence of point sources and the Hankel solutions are not used to expand the wave fields in the domain of interest. If the expansion center is located outside the domain of interest, then the expansion with the Hankel functions can avoid singularities. This method has never been extended to anisotropic materials. Similar to MMP in CSM (Rajamohan and Raamachandran, 1999; Nishimura et al., 2000; Nishimura and Nishimori, 2005; Xu et al., 2002; Okano et al., 2003 ) the boundary integral formulation is replaced by assuming suitable polynomial particular integral functions. This technique avoids the necessity of discretizing the problem domain as done in BEM. In CSM suitable number of poles are distributed away from the boundary to satisfy the boundary conditions and to avoid the singularities. The location and distribution of the pole points are quite arbitrary. An ideal selection of pole points for a particular problem is chosen by trial and error. Only recently an optimization technique (genetic algorithm) is used to determine the arrangement of fictitious charges or poles (Nishimura et al., 2000) . Thus, similar to MMP, arrangement of poles or charges in CSM is highly problem dependent and requires additional optimization techniques for solving real time ultrasonic field modeling problems. In DPSM technique the point sources are distributed on both sides of the problem boundary and are placed at a constant distance. Using two layers of point source on two sides of the interface avoids singularity and the need of reflection and transmission coefficient expressions that are required by other point source superposition based methods. This makes DPSM an efficient technique for ultrasonic field modeling.
DPSM technique for ultrasonic field modeling was first developed by Placko and Kundu (2001) . They successfully used this technique to model ultrasonic fields in a homogeneous fluid, and in a nonhomogeneous fluid with one interface (Lee et al., 2002; Placko et al., 2002) and multiple interfaces (Banerjee et al., 2006) . The interaction between two transducers, for different transducer arrangements and source strengths, placed in a homogeneous fluid has been studied by Ahmad et al. (2003) . The scattered ultrasonic field generated by a solid scatterer of finite dimension placed in a homogeneous fluid has been also modeled by the DPSM technique . Recently the method has been extended to model phased array transducers (Ahmad et al., 2005) . All these works modeled the ultrasonic field in a fluid medium. Only recently, the DPSM technique has been extended to model pressure and displacement fields near a fluid-solid interface (Banerjee et al., 2006) . Leaky Rayleigh waves generated at the fluid-solid interface was modeled in this paper. It should be noted here that paraxial based techniques fail to model critical Rayleigh angle reflection phenomenon.
In this paper, the technique is extended to model a homogeneous, isotropic solid plate with fluid-solid interfaces on both sides of the plate. Our objective is to model the Lamb wave propagation phenomenon in the plate -to see how the energy leaks into the surrounding fluid, how the symmetric and anti-symmetric modes are formed in the plate and how the mode shapes for different Lamb modes vary as the distance of the observation point increases from the transducer position. This calculation requires explicit expressions of stress and displacement Green's functions for fluid and solid media. The ultrasonic fields in a solid plate are calculated for critical angles of inclination to generate symmetric and anti-symmetric Lamb modes.
Theoretical derivation
A brief review of the Distributed Point Source Method is presented below before specializing it for the plate problem. For detail description of the technique the readers are referred to other publications Banerjee et al., 2006; that discuss this technique in greater detail.
Distributed Point Source Method
If the front face of a transducer is considered as a finite source, then the ultrasonic field due to that finite plane source can be assumed to be the summation of the ultrasonic fields generated by a number of point sources distributed near the finite front face. Any interface generates reflected and transmitted ultrasonic fields. Therefore the effect of the interface can be modeled by two layers of sources, one layer generates the reflected field and the second layer generates the transmitted field. By placing two layers of point sources on two sides of the interface singularities are avoided and no expressions of reflection and transmission coefficients are required. These properties distinguish the DPSM technique from other point force superposition techniques. Near a fluid-solid interface, with a transducer immersed in the fluid medium, the interface point sources generate reflected waves in the fluid and transmitted waves in the solid. For solving this problem we need to calculate the stress and displacement Green's functions in the solid, and pressure and displacement Green's functions in the fluid.
Displacement Green's functions in the solid
A point source acting in a solid, can be modeled as a concentrated body force,
where P is the force vector. For harmonic time dependence [f(t) = e Àixt ], when the point source is at y then the displacement field at x can be expressed in terms of the Green's functions G ij (x; y),
The displacement Green's function for isotropic solids can be written as (Mal and Singh, 1991) ,
where, x i are the coordinates at the observation point, y i are the coordinates at the source point, r is the distance between the observation point and the source point, k P is the P-wave number and k S is the S-wave number of the solid. In matrix form, Gðx; yÞ ¼ ½ G 1 ðx; yÞ G 2 ðx; yÞ G 3 ðx; yÞ
T and u ¼ Gðx; yÞP ð4Þ
If the unit excitation force at y acts in the x j direction, then the displacement at x in x i direction is given by G ij (x;y).
Stress Green's functions in the solid
For isotropic homogeneous solids the expression for stresses can be written as
where, k, l are the two Lamé constants and d ij is the Kronecker Delta. Substituting the expression for displacement (Eq. (2)) in the expression for strains, e ij ¼ 1 2
In the following the time harmonic term e Àixt is implied and is not explicitly written for convenience. Substituting the expression for strains in Eq. (5), the stress Green's function at x due to a concentrated time harmonic force at y can be obtained.
Readers are referred to Banerjee et al. (2006) and for expressions of the stress Green's functions of Eq. (7).
Pressure and displacement Green's functions in the fluid
Spherical bulk waves in a fluid can be generated by a point source in an infinite fluid medium. If the point source is harmonic, then it will generate harmonic spherical waves. The governing differential equation for a harmonic dirac-delta impulsive body force can be written as
where, G f is the pressure Green's function in fluid at x due to the point source acting at y.
Àixt then the above equation will have the following solution (Kundu, 2003) ,
and the three components of displacement are,
where R i ¼ xiÀy i r
Ultrasonic field modeling in a homogeneous solid plate
Let us consider a plate immersed in an infinite fluid medium. Thus the plate is bounded by two solid-fluid interfaces. A schematic diagram of the problem geometry considered for our analysis is shown in Fig. 1 . Along the interfaces two layers of distributed point sources are shown in the diagram.
There are two circular piston transducers immersed in the fluid, symmetrically placed on both sides of the plate specimen. Small circles behind the transducer faces and on both sides of the interfaces show the point source locations. Contribution of these sources when superimposed, should produce the total ultrasonic field in fluid and solid media. A 1 is the source strength vector of the point sources that are placed above the first solid-fluid interface and generate the additional ultrasonic field in the fluid below the plate caused due to the presence of the plate. The interface is called ''Interface 1''. A of contributions of the point sources A 1 and A S distributed above the solid-fluid interface 1 and the transducer face, respectively. Similarly, the Ultrasonic field at point E is the summation of contributions of the point sources A Ã 2 and A R distributed below the solid-fluid interface 2 and behind the transducer face, respectively.
Matrix formulation to calculate the source strengths
The velocity and pressure in fluids can be expressed in the matrix form when we take a mesh-grid of target points or station points in solid and fluid as shown in Fig. 2 . When target points are not necessarily on the transducer surface, the velocity due to point sources distributed on the transducer face can be written as
and due to interface sources,
where V T1 is the (M · 1) vector of the velocity components at M number of target points distributed inside the fluid or at the fluid-solid interface and A S is the (N · 1) vector containing the strength of the transducer sources. The interface has M source points distributed on each side of the interface. Therefore, A 1 has (M · 1) elements. M (T1)S and M (T1)1 are two matrices of dimension M · N and M · M, respectively. Elements of these matrices are functions of the Green's functions given in Eqs. (10)- (12) and are presented in Banerjee et al. (2006) and .
Similarly the pressure at any set of target points in the fluid below the plate due to the transducer sources, can be written as
and due to interface sources, the pressure at the same set of target points in the fluid can be written as
where, elements of Q (T1)S and Q (T1)1 matrices are functions of the Green's function given in Eq. (9) and are presented in Banerjee et al. (2006) and . T1 and T2 are two different sets of target points in the fluid below and above the Interfaces 1 and 2, respectively. Therefore, at those target points the total pressure field is
In the same manner for any set of target points in the fluid above the plate can be written as 
Similarly, at a set of target points, the displacement along the x 3 direction in the fluid below and above the plate, can be written as
Elements of DF3 (T1)S , DF3 (T1)1 , DF3 (T2)R and DF3 (T2)2 * matrices are functions of the Green's functions given in Eqs. (10)- (12) and are presented in Banerjee et al. (2006) and . Each point source that has been considered to calculate the transmitted field in the solid has three different point forces in three different directions as unknowns. The stress along x 3 direction at the Interface 1 (the set of target points called I1) due to A Ã 1 and A 2 source strength vectors, can be written as
Similarly, for shear stresses, from Eq. (17), it can be written as
Elements of matrices S33 11 Ã , S33 12 , S31 11 Ã , S31 12 , S32 11 Ã and S32 12 are functions of the Green's functions given in Eq. (7) and are presented in Banerjee et al. (2006) and . A Considering the T1 and T2 target points located at I1 and I2 interfaces, respectively, the displacement along the x 3 direction in the fluid can be written as
Similarly in the solid at I1 and I2 interfaces the displacements along the x 3 direction can be written as
Elements of matrices DS3 ðI1Þ1 Ã , DS3 (I1)2 , DS3 ðI2Þ1 Ã and DS3 (I2)2 are functions of the Green's functions given in Eq. (3) and are presented in Banerjee et al. (2006) and .
Boundary and continuity conditions
Across the fluid-solid interfaces the displacement normal to the interface should be continuous. Also, at the interfaces, the normal stress (s33) in the solid and the fluid should be continuous and the shear stresses in the solid at the interfaces must vanish. If the normal velocities of the two transducer faces are assumed to be V S0 and V R0 , then on the surface of the transducer designated as S.
transducer designated as R.
At the fluid-solid interfaces, from the continuity of the normal stress,
Continuity of the normal displacement gives,
and from the vanishing shear stress condition at the fluid-solid interface,
Eqs. (28)- (35) can be written in matrix form 1
2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 5 
Solving the above system of equations the source strength vectors are obtained. After calculating the source strengths, the stress and displacement values in any region (fluid or solid) can be obtained simply by placing the target points in the region of interest.
Results and discussion
MATLAB codes have been developed to model the ultrasonic field in the isotropic solid plate using the DPSM formulation presented in the earlier section. MATLAB can be slow for high volume computational work. However, it is found that even with this constraint the DPSM technique is much faster than available conventional FEM based computational tools. A comparison on time taken by DPSM and FEM to solve a similar problem is presented at the end of this section. Therefore, it can be concluded that use of a direct compiler will make this method even faster and more attractive than conventional FEM based techniques. The main objective of this paper is to present an efficient numerical technique to model the ultrasonic field in the solid plate. It is well-known from the Rayleigh-Lamb frequency equation that in a solid plate the Lamb wave propagates at certain frequencies with certain phase velocities. All wave modes inside the plate are dispersive. By numerically modeling the ultrasonic field inside the solid plate, if the visualization of these modes can be obtained, then it will be an effective numerical technique for modeling plate inspection experiments because it can clearly show how the ultrasonic energy leaks into the fluid from the solid, how the energy decays along the length of the plate as it propagates through it, which region of the plate is subjected to what type of stress and displacement fields, and so on. First, for simplicity only fundamental symmetric and anti-symmetric modes in the plate are modeled. To compare the numerical results obtained from DPSM with the experimental results, ultrasonic fields inside a quartz glass plate immersed in water are numerically modeled. The results are compared with the visualization of the mode patterns of Lamb waves propagating in glass plate obtained by stroboscopic photoelastic method (Li and Negishi, 1994) . Results are presented for 4 mm diameter transducers. The plate specimens are placed at different distances from the transducers at different frequencies to achieve the peak pressure of the striking beam at the plate location. For NDT applications, the optimal locations of the specimens relative to the transducers of different frequencies have been discussed in Schmerr (1998) . It should be noted that the modeling of the ultrasonic field in the quartz glass plate is carried out only to compare the numerical results with experimental observations. Plate material used in the experiment of Li and Negishi (1994) has the same properties as those considered in our model. However, transducer dimensions and detail problem geometry are slightly different in our modeling from the actual experiment carried out by Li and Negishi (1994) . In the experiment the plate was not immersed in water and the transducer was in direct contact with the plate, whereas in computational modeling the plate is immersed in water and the transducers are not in direct contact with the plate. In spite of these differences the results matched reasonably well because at low frequencies (below 0.2 MHz) one can see from Fig. 3 that only two modes -one symmetric and one anti-symmetric mode -can propagate through the plate. Therefore, if the plate is excited symmetrically then only S 0 symmetric mode and if the plate is excited anti-symmetrically then only A 0 anti-symmetric mode is generated. No other symmetric or anti-symmetric mode corrupt the propagating S 0 and A 0 modes. Therefore, the experimental mode shapes presented in Fig. 4 are those for the S 0 and A 0 modes. Although in the numerical modeling the plate is immersed in water and the transducers are not in direct contact with the plate in this case also pure A 0 and S 0 modes are generated by adjusting the angle of inclination of the transducer and matching the signal frequency with that used in the experiment. When plates are immersed in water the energy leaking into water reduces the strength of the propagating mode but does not significantly affect the mode shape; for this reason the numerical results compared so well with the experimental observation.
P-wave and S-wave speeds of the quartz glass are 5.97 and 3.77 km/s, respectively. Length of the plate is 120 mm and its thickness is 10 mm. Dispersion curves for 10 mm thick quartz glass plate immersed in water are shown in Fig. 3 . From Fig. 3 the phase velocities of different modes at various frequencies can be obtained. The phase velocity for the symmetric (S 0 ) mode at 120.4 kHz is 5.824 km/s and that for the anti-symmetric (A 0 ) mode at 170.3 kHz is 2.92 km/s.
The relative positions of the plate and the ultrasonic transducers are shown in Fig. 1 . The problem geometry considered here has finite size transducers (4 mm diameter). However, the plate length in the in-plane direction and the plate width in the out-of-plane direction are much greater than the transducer diameter. The ultrasonic field is computed along a plane which bisects the transducers and the plate and thus forms a plane of symmetry of the problem geometry. Note that we are solving a 3D problem and plotting the field along the vertical plane of symmetry of the problem geometry. One hundred point sources are distributed near each transducer face and additional point sources are placed along the plate boundaries as shown in Fig. 1 . The question is how many point sources should be used to model the plate boundaries that are extended to infinity in both in-plane and out-of-plane directions. One plane of point sources at the central plane consists of several lines of point sources as shown in Fig. 1 . First the ultrasonic field is computed along the central plane with this one plane of point sources. Then two more planes of point sources are added on two sides of the central plane sources and the field is again computed at the central plane. This process of adding two planes of sources on two sides of the central plane is continued until the computed field at the central plane is converged. Note that additional source planes on two sides of the central plane only affect the number of point sources along the plate boundaries. For the two transducers 100 point sources are placed over the transducer face from the very beginning. Interestingly, the results are found to converge with only three planes of sources. However, if one is interested in computing the ultrasonic field at another plane which is not necessarily the plane of symmetry then more planes of sources might be necessary.
On each side of a plate boundary 43 point sources are distributed on the central plane. Sources are placed along the plate boundaries in the illuminated region and also well beyond the illuminated region. A total of 129 sources are then necessary on each side of the plate boundary to model the boundary with 3 planes. Increasing the number of sources to 215 to construct 5 planes of sources did not significantly change the computed ultrasonic field in the central plane. The number of point sources taken for the wave field computation is based on the convergence criterion of the DPSM technique . The convergence of the problem solution has been also tested by increasing the number of point sources in the in-plane direction and at the transducer face. When the spacing between two neighboring point sources is less than the half wavelength then the problem is found to converge. Further increase in the number of point sources did not change the computed results significantly. For most of the results presented in this paper the distance between two neighboring point sources has been kept at wavelength/p (approximately 2.8 mm., considering wave velocity in fluid). Thus the results presented in this paper are well converged. Ultrasonic fields in the solid plate are produced for different striking angles to generate various Lamb wave modes as described below. Results presented below show displacement and stress variations along the length and depth of the plate specimen.
The critical angle of inclination of the transducers are calculated and presented in Table 1 . If the transducers are inclined at 14.72°angle the fundamental symmetric mode will be generated in the glass plate. Similarly if the transducers are inclined at 30.45°angle the fundamental anti-symmetric mode will be generated. Ultrasonic fields in the glass plate computed by the DPSM technique are presented in Figs. 4(b) , (e), (c) and (f). The experimental visualization of the same mode patterns are obtained by stroboscopic photoelastic method and presented in Figs. 4(a) and (d). The difference in normal stresses (r 11 À r 33 ) are presented by Li and Negishi (1994) for visualization of the mode patterns. In the DPSM modeling the difference between the two normal stresses in the quartz glass plate are computed and presented in Figs. 4(b) and (e). The vertical displacement (u 3 ) is presented for symmetric and anti-symmetric modes in Figs. 4(c) and (f), respectively. Figs. 4(c) and (f) clearly show the symmetric and anti-symmetric mode patterns. Qualitatitve agreement between the theoretical and experimental mode patterns should be noted here.
The DPSM technique is then used to model the ultrasonic field in an aluminum plate immersed in water whose dispersion curves are shown in Fig. 5 . The shear stress variations inside the plate are presented in Fig. 6 . Properties (density, elastic wave speeds, Lamé constants) of the aluminum plate and water are given in Table 1 . The aluminum plate is 50 mm long and immersed in water. Along the abscissa of . Shear stress (r 31 ) variations in 10 and 2 mm thick aluminum plates for different angles of strike are shown in Fig. 6 . Shear stress fields for normal incidence and Rayleigh angle incidence are shown in Figs. 6(a) and (b), respectively. For normal incidence the shear stress vanishes along both horizontal and vertical axes of symmetry, as expected. Propagation of Rayleigh waves on the left side of the point of strike (brightest regions in the figure) is also evident in Fig. 6(b) .
Then a 2 mm thick aluminum plate is considered with 0.5 MHz transducers and point sources are distributed following above-mentioned rule. Fig. 5 shows that the symmetric mode in the 2 mm thick aluminum plate (d) show the shear stress (r 31 ) developed in the 2 mm thick plate for 39.43°and 16.11°angles of incidence, respectively. Anti-symmetric nature of the plate motion is clearly visible in Fig. 6 (c) while in Fig. 6(d) one can see that the shear stress amplitude is symmetric about the horizontal central axis. Fig. 7 shows how the normal displacement and normal stress components at the fluid-solid interface decay along the length of the plate as the ultrasonic energy travels through the plate away from the point of strike of the ultrasonic beam. These results are useful for setting up NDE experiments -such as to decide at which location the receiver should be placed to receive detectable leaky symmetric and anti-symmetric modes.
A logical question that may arise is whether one can generate visual images like the ones presented in Figs. 4 and 6 by the finite element method. The answer is 'yes but it will be less accurate and will require much more computation time'. Most FEM and BEM based techniques do not work efficiently for modeling high frequency ultrasonic problems because of spurious reflections at the problem boundaries and the requirement of very large number of elements for discretizing the problem geometry at high frequencies. For these reasons standard finite element codes like ABAQUS and ANSYS do not work very well for ultrasonic problems however in recent years specialized finite element codes like PZFLEX (PZFlex, 2001 ) have been developed to solve ultrasonic problems. Since PZFLEX has become a popular FE code for solving ultrasonic problems in spite of its high cost (about $50,000 licensing fee) a comparison between DPSM results with PZFLEX generated results is presented here. A relatively simple problem -ultrasonic field computation near a water-aluminum interface is solved by these two techniques. DPSM generated results are presented in Fig. 8 for two different angles of inclination of the transducer. Note that for the incident angle equal to the critical angle (h i = h c = 30.4°) leaky Rayleigh waves are generated (Fig. 8a) and for incident angle (h i = 45.4°) greater than the critical angle, the total reflection occurs (Fig. 8b) .
Similar results by the finite element code (PZFLEX) are then generated and presented in Fig. 9 . Note that plots in Fig. 9 satisfy two important conditions -(1) guided Rayleigh wave at the fluid-solid interface is generated for critical angle of incidence and (2) total internal reflection is observed for angle of incidence greater than the Rayleigh critical angle. These phenomena are also observed in Fig. 8 . Thus there is some qualitative agreement between the DPSM results ( Fig. 8) and PZFLEX results (Fig. 9) . However, there are some noticeable differences also between these two sets of results. Note that in Fig. 8a for critical angle of incidence very little energy penetrates into the solid but in Fig. 9a the level of energy penetrated into the solid is much higher. Reflection of the transmitted beam by the artificial top boundary of the solid is also noticeable in Fig. 9a . This reflection phenomenon at the problem boundary occurs in spite of using absorbing boundary conditions. In Fig. 9b the strong energy level near the right boundary is also disturbing.
Clearly, the ultrasonic energy not being absorbed properly by the absorbing boundary causes difficulties in modeling ultrasonic fields by the finite element method for some problem geometries. However, even more troubling is to observe in Fig. 9a a strong transmitted wave in the solid for critical Rayleigh angle of incidence. Note that P-and S-critical angles are smaller than the Rayleigh critical angle. Therefore, when the beam is incident at Rayleigh angle P-wave and S-wave beams in the solid should not be present and only negligible amount of energy should be observed deep inside the solid while most energy should be confined near the fluid-solid interface in the form of the guided Rayleigh wave propagating along the interface and leaking into the fluid. This is correctly observed in Fig. 8 but not in Fig. 9 . Besides these shortcomings another weakness of FE based codes is that the computational time is much higher than the DPSM based codes. As a comparison it can be mentioned that the Fig. 8 took 9 min to generate by DPSM whereas Fig. 9 took more than 1 h to generate. Hence, the computation time is an order of magnitude higher for PZFLEX in comparison to that of DPSM.
This example shows why ultrasonic modeling by the DPSM technique is necessary in spite of many advances of FEM based codes in recent years. 
Concluding remarks
Modeling of the complete experimental set up for plate inspection that includes the plate specimen and one or more ultrasonic transducers of finite dimension immersed in water is not possible analytically. Analytical solution is available for Lamb wave propagation in infinite plates with free boundary or leaky Lamb wave propagation in infinite plates immersed in a fluid. The finite element method (FEM) is the most popular option available today to the scientific community for computing the stress and displacement variations inside the plate generated by a piston ultrasonic transducer of finite diameter. Because of various limitations of FEM in modeling high-frequency ultrasonic experiments its application in ultrasonic experiment modeling has been limited. The DPSM modeling presented in this paper opens the door to an efficient alternative technique for ultrasonic modeling. Computed results clearly show the symmetric and anti-symmetric modes in the plate when the transducers are set at appropriate inclination angles. The results also show how the strength of the propagating ultrasonic energy decays along the length of the plate because of the energy leakage into 
